Introduction
Several strong variants of continuity occur in the lore of mathematical literature which arise in many branches of mathematics and applications of mathematics.
In many situations in topology, analysis and other disciplines continuity is not sufficient and a strong form of continuity is required to meet the demand of a particular situation. The strong variants of continuity with which we shall be dealing in this paper include, among others, are strongly continuous functions [16] , perfectly continuous functions [20] , clopen maps [21] (≡ cl-supercontinuous functions [23] ), z-supercontinuous functions [8] , D-supercontinuous functions [10] , D * -supercontinuous functions [22] , D δ -supercontinuous functions [11] , strongly θ-continuous functions [19] and supercontinuous functions [18] . The main purpose of this paper is to introduce a new class of functions called 'Fsupercontinuous functions', study their basic properties and discuss their place in the hierarchy of strong variants of continuity that already exist in the mathematical literature. The notion of F -supercontinuous functions arise naturally in case either domain or range is a functionally regular space ( [1] , [2] ). It turns out that the class of F -supercontinuous functions properly includes the class of z-supercontinuous functions [8] and is strictly contained in the class of Rsupercontinuous functions [14] which in turn is properly contained in the class of continuous functions. Further if either domain or range is a functionally regular space ([1], [2] ) then all the three classes of (i) F -supercontinuous functions (ii) R-supercontinuous functions, and (iii) continuous functions coincide. Moreover, if either X or Y is a completely regular space, then all these three classes of functions are identical with the class of z-supercontinuous functions [8] . Furthermore, if either domain or range is zero dimensional space, then all the four above classes of functions coincide with the class of cl-supercontinuous functions ( [21] , [23] ).
Section 2 is devoted to the preliminaries and basic definitions. In Section 3, we introduce the notion of 'F -supercontinuous function' and elaborate on its place in the hierarchy of strong variants of continuity which already exist in the literature. Basic properties of F -supercontinuous functions are studied in Section 4, while properties of graph of an F -supercontinuous function are discussed in Section 5. Interplay of topological properties and F-supercontinuous functions is investigated in Section 6 and the notion of F -quotient topology is formulated in Section 7. Change of topology of a topological space (X, τ ) into a functionally regular topology τ F and a completely regular topology τ z are considered in Section 8 wherein interrelations betweenτ , τ F and τ z are elaborated and alternative proofs of certain results in the preceding sections are suggested.
Basic definitions and preliminaries
A collection β of subsets of a space X is called as open complementary system [6] if β consists of open sets such that for every B ∈ β, there exist B 1 , B 2 , . . . ∈ β with B = ∪{X \ B i : i ∈ N }. A subset A of a space X is called a strongly open F σ -set [6] if there exists a countable open complementary system β(A) with A ∈ β(A). The complement of a strongly open F σ -set is called strongly closed G δ -set. A subset A of a space X is called a regular G δ -set [17] if A is an intersection of a sequence of closed sets whose interiors contain A, i.e., if
n , where each F n is a closed subset of X. The complement of a regular G δ -set is called a regular F σ -set. An open subset A of a space X is said to be r-open [14] if it is expressible as a union of closed sets. Definition 2.1. A function f : X → Y from a topological space X into a topological space Y is said to be (a) strongly continuous [16] 
Definition 2.2.
A topological space X is said to be
, [2] ) if for each closed set A and a point x / ∈ A there exists a continuous real-valued function f defined on X such that f (x) / ∈ f (A); or equivalently for each x ∈ X and each open set U containing x there exists a zero set Z such that x ∈ Z ⊂ U . In order to systematize the study of separation by continuous real-valued functions, Van Est and Freudenthal [25] introduced the notion of a functionally regular space and showed its distinctiveness from the standard separation axioms and other separation axioms defined by them. Further properties of functionally regular spaces have been studied by Aull ([1] , [2] ).
F -supercontinuous functions
An open set U in a space X is said to be F -open if for each x ∈ U , there exists a zero set Z in X such that x ∈ Z ⊂ U , or equivalently, U is expressible as a union of zero sets. The complement of an F -open set will be referred to as an F -closed set. Definition 3.1. A function f : X → Y from a topological space X into a topological space Y is said to be F -supercontinuous if for each x ∈ X and each open set U containing f (x) there exists an F -open set V containing x such that f (V ) ⊂ U .
The following diagram reflects upon the place of F -supercontinuous functions in the hierarchy of strong variants of continuity that already exist in the literature. The implications are either well known or immediately follow from definitions.
However, none of the above implications is reversible which is either well known or follows from the following observations and examples.
Observations and Examples 3.2 If either X or Y is a functionally regular space, then every continuous function f : X → Y is F -supercontinuous and hence R-supercontinuous.
3.3
If either X or Y is a completely regular space, then every continuous function f : X → Y is z-supercontinuous.
3.4 Let X = Y be the regular space due to Hewitt [7] on which every continuous real valued function is constant and let f denote the identity map defined on X. Then f is strongly θ-continuous and so R-supercontinuous but it is not F -supercontinuous.
3.5 Let X be a functionally regular space which is not completely regular and let Y = X. Then the identity mapping defined on X is F -supercontinuous but not z-supercontinuous.
3.6 Let X be the space of [3, Exercise 24, p. 139] . Then X is a Hausdorff semiregular space which is not regular. Further, Aull pointed out that the space X is a functionally regular space (see [1, Example 3] ). Let f denote the identity mapping defined on X. Then the function f is supercontinuous as well as F -supercontinuous but not strongly θ-continuous. Then X is a Hausdorff space which is not functionally Hausdorff and hence not a functionally regular space. Also, X is semiregular but not regular. So the identity mapping defined on X is supercontinuous but not F -supercontinuous.
3.8 Let us denote by X the space of irregular lattice topology [24, Example 79, p. 97]. Then X is a functionally Hausdorff Lindelöf space which is not a semiregular space. In view of [1, Theorem 3] , the space X is a functionally regular space. Let f denote the identity mapping defined on X. Then f is an F -supercontinuous function but not supercontinuous.
3.9 Let us denote by X the real line with the smallest topology generated by the Euclidean topology and the cocountable topology on X. The space X is a functionally regular space, since it is a functionally Hausdorff Lindelöf space (see [1, Theorem 3] ). The space X is not D-regular, since X is not a subparacompact space and every Lindelöf, D-regular space is subparacompact (see [4, Theorem 2] ). Then the identity mapping defined on X is an F -supercontinuous function but not a D-supercontinuous function. Proof. Since a functionally Hausdorff Lindelöf space is functionally regular (see [1] ) and since every continuous function defined on a functionally regular space is F -supercontinuous, f is F -supercontinuous. Proposition 3.11. Let f : X → Y be a continuous function. If X is a countably paracompact functionally regular space, then f is F -supercontinuous as well as strongly θ-continuous.
Proof. Since every continuous function defined on a functionally regular space is F -supercontinuous, so is f . Again, since every countably paracompact functionally regular space is regular (see [1] ), and since every continuous function defined on a regular space is strongly θ-continuous, f is strongly θ-continuous. Proof. This is immediate in view of the fact that every countably compact functionally regular space is completely regular (see [1] ), and every continuous function defined on a completely regular space is z-supercontinuous. Proposition 3.13. Let f : X → Y be a continuous function defined on a countably H-closed, semiregular, functionally regular space X. Then f is zsupercontinuous.
Proof. This is immediate from the fact that a countably H-closed, semiregular, functionally regular space X is completely regular (see [1] ).
Basic properties of F-supercontinuous functions
Theorem 4.1. For a function f : X → Y from a topological space X into a topological space Y , the following statements are equivalent:
Proof. It is easy using definitions. 
Proof. Suppose that f is F -supercontinuous and let F be a filter base in X that F -converges to x. To show that the filter base f (F ) converges to f (x), let W be any open set containing f (x). Then x ∈ f −1 (W ) and f −1 (W ) is F -open. Since the filter base F converge to x, there exists F ∈ F such that
. Conversely, let W be an open set containing f (x). Now, the filter F generated by the filterbase B x consisting of F -open sets containing x, F -converges to x. Since by hypothesis f (
Theorem 4.6. If f : X → Y is F -supercontinuous and g : Y → Z is continuous, then the composition g • f is F -supercontinuous. In particular, the composition of F -supercontinuous functions is F -supercontinuous.
In
It is routine to verify that F -supercontinuity is invariant under restrictions and enlargement of range. 
For the last assertion we need only note that F -openness (F -closedness) of g −1 (W ) ensures the F -supercontinuity of g. 
Theorem 4.10. Let {f α : X → X α : α ∈ Λ} be a family of functions and let f : X → α∈Λ X α be defined by f (x) = (f α (x)) for each x ∈ X. Then f is F -supercontinuous if and only if each f α : X → X α is F -supercontinuous.
Proof. Let f : X → α∈Λ X α be F -supercontinuous. Then the composition p α • f = f α , where p α denotes the projection of α∈Λ X α onto α th -coordinate space X α . So in view of Theorem 4.6 each f α is F -supercontinuous.
Conversely, suppose that each f α : X → X α is F -supercontinuous. To show that the function f is F -supercontinuous, it is sufficient to show that 
Theorem 4.11. For each α ∈ ∆, let f α : X α → Y α be a mapping and let f : X α → Y α be a mapping defined by f ((x α )) = (f α (x α )) for each (x α ) in X α . Then f is F -supercontinuous if and only if f α is F -supercontinuous for each α ∈ ∆.
Conversely, suppose that each
is F -open, and so f is F -supercontinuous.
Theorem 4.12. Let f : X → Y be a function and g : X → X × Y , defined by g(x) = (x, f (x)) for each x ∈ X, be the graph function. Then g is Fsupercontinuous if and only if f is F -supercontinuous and X is functionally regular.
Proof. To prove necessity, suppose that g is F -supercontinuous. Then the composition f = p y • g is F -supercontinuous, where p y is the projection from X × Y onto Y . Let U be any open set in X and let x ∈ U . Then U × Y is an open set containing g(x). Since g is F -supercontinuous, there exists an F -open set W x containing x such that g(W x ) ⊂ U × Y . Thus x ∈ W x ⊂ U and since U is a union of F -open sets, then it is F -open and so X is functionally regular. To prove sufficiency, let x ∈ X and let W be an open set containing g(x)
. There exist open sets U ⊂ X and
The following example shows that the hypothesis that 'X is functionally regular' in Theorem 4.12 cannot be omitted. Theorem 4.14. Let f, g : X → Y be F -supercontinuous functions from X into a Hausdorff space Y . Then the equalizer E = {x ∈ X : f (x) = g(x)} of the functions f and g is an F -closed set in X.
Proof. To show that E is F -closed, we shall show that its complement X \ E is an F -open subset of X. Let x ∈ X \E. Then f (x) = g(x). Since Y is Hausdorff, there exist disjoint open sets V and W containing f (x) and g(x), respectively. Since f and g are F -supercontinuous, f −1 (V ) and Proof. Let x ∈ X and let V be an open set containing f (x). Since f is Fsupercontinuous, there exists an F -open set U containing x such that f (U ) ⊂ V . Since X is a F -completely regular space, there exists a continuous function h : X → [0, 1] such that h(x) = 0 and h(X \ U ) = 1. Then h −1 [0, 1) is a cozero set containing x and contained in U and so it is mapped into V by f . This shows that f is z-supercontinuous.
Properties of the graph of an F -supercontinuous function
Let f : X → Y be an F -supercontinuous function. Since every F -supercontinuous function is continuous, the family {1 x , f }, where 1 x denotes the identity mapping on X, separates points and separates points from closed sets. Therefore, the mapping g : X → X × Y defined by g(x) = (x, f (x)) is an embedding of X into X × Y . Thus X is homeomorphic to its graph G(f ) = g(x) and so every topological property enjoyed by X is also enjoyed by its graph G(f ).
The next two notions reflect upon the fact that how the graph G(f ) of an F -supercontinuous function f : X → Y is situated in the product space X × Y .
, there exist open sets U and V containing x and y, respectively such that U is F -open and Proof. The implication (a)⇒(b)⇒(c) are trivial. To prove (c)⇒(a), let x, y ∈ X, x = y and let U and V be disjoint F -open sets containing x and y, respectively. Let A and B be the zero sets in X such that x ∈ A ⊂ U and y ∈ B ⊂ V . Let f, g be the real-valued functions defined on X such that Z(f ) = A and Z(g) = B, where Z(f ) and Z(g) denote the zero sets of f and g, respectively. Let h : X → R be the function defined by h(t) = f (t)/[f (t)+g(t)], for t ∈ X. Then h is a continuous function defined on X such that h(x) = 0 and h(y) = 1. Proof. Let x ∈ X and let y = f (x). Since Y is functionally Hausdorff, there exist disjoint F -open sets V and W containing y and f (x), respectively. By F -supercontinuity of f there exists an F -open set U containing x such that
The following result is immediate.
Proposition 5.4. If f : X → Y is F -supercontinuous and Y is Hausdorff, then G(f ), the graph of f is F -closed with respect to X.
Topological properties and F -supercontinuity
Thus X is a functionally regular space. Since f is a homeomorphism and functional regularity is a topological property, Y is functionally regular. and ϕ(y) respectively. It follows that ϕ −1 (G) and ϕ −1 (H) are disjoint cozero sets in X containing x and y, respectively. So X is a functionally Hausdorff space.
Corollary 6.3. Let f : X → Y be a z-supercontinuous injection into a T 0 -space, then X is a functionally Hausdorff space.
Definition 6.4 ([13]).
A space X is said to be F -compact if every F -open cover of X has a finite subcover.
exists a finite subset {α 1 , . . . , α n } of ∆ such that
Since f is surjection, {V α1 , . . . , V αn } is a finite subcover of Y .
Definition 6.6 ([13]).
A space X is said to be weakly F -normal if every pair of disjoint F -closed sets are contained in disjoint open sets.
Theorem 6.7 ( [13] ). Let f : X → Y be an F -supercontinuous closed surjection. If X is a weakly F -normal space, then Y is a normal space.
F -quotient Topology and F -quotient spaces
Let f : X → Y be a surjection from a topological space X onto a set Y . The quotient topology on Y is the finest topology on Y , which makes f continuous. Several variants of quotient topology have been defined in the literature (see [8, 10, 11, 15, 22, and 23] ) which in general are weaker than quotient topology and coincide with the quotient topology if the domain is suitably augmented. For interrelations among these variants of quotient topology we refer the interested reader to [15] . In this section we introduce the notion of F -quotient topology which in general lies strictly between the quotient topology and the z-quotient topology [8] .
We may recall that a set U in a space X is said to be z-open if it is expressible as a union of cozero sets in X. Clearly, z-quotient topology ⊂ F -quotient topology ⊂ quotient topology.
However, none of the above inclusions are reversible as is well exhibited by the following examples. Example 7.2. Let (X, τ ) be the space of Example 3.8. Then X is a functionally regular space which is not a completely regular space. Let Y = X and let p denote the identity map defined on X. Then p is an F -supercontinuous function which is not z-supercontinuous. The F -quotient topology on Y is identical with τ while z-quotient topology is strictly coarser than τ . Example 7.3. Let X be the space of all positive integers endowed with the prime integer topology σ [24, Example 61, p. 82]. Then X is a Hausdorff space which is not a functionally Hausdorff space and hence not a functionally regular space. Let Y = X and let p denote the identity map defined on X. Then the quotient topology on Y is same as prime integer topology σ but F -quotient topology on Y is strictly coarser than σ. In contrast with the quotient space, the following result shows that a function out of an F -quotient space is continuous if and only if its composition with the F -quotient map is F -supercontinuous. 
The converse is immediate.
Change of Topology
If the topology of domain of an F -supercontinuous function is changed in an appropriate way, then f is simply a continuous function. For, let (X, τ ) be a topological space, and let β denote the collection of all F -open subsets of (X, τ ). Since the intersection of two F -open sets is F -open, the collection β is a base for a topology τ F on X. Indeed β = τ F and τ F ⊂ τ . The space (X, τ ) is functionally regular if and only if τ F = τ .
Further, if B z denotes the collection of all cozero subsets of (X, τ ), then B z is a base for a topology τ z on X. It is immediate that τ z ⊂ τ F ⊂ τ and the space X is completely regular if and only if τ = τ z . Thus for a completely regular space τ z = τ F = τ .
Throughout the section, the symbol τ F will have the same meaning as in the above paragraph.
Remark 8.1. Any topological property which is invariant under continuous bijection will be transferred from (X, τ ) to (X, τ F ). The list of such properties is fairly long. In particular, if (X, τ ) is compact Lindelöf or countably compact, pseudocompact or quasicompact [5] , D-compact or D * -compact or D δ -compact [12] , separable, connected or pathwise connected, then so is (X, τ F ). Many of the results studied in preceding sections follow now from above theorem and the corresponding standard properties of continuous functions. x (U ) = U ∈ τ F , therefore τ ⊂ τ F . Thus it follows that τ = τ F , and so (X, τ ) is a functionally regular. 
